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It is shown that a careful analysis of the 'wrong' events 
(those not present in the usual formulation of the GHZ ar- 
gument), which are a necessary feature of the tests of local 
realism involving independent sources, permits one to show 
that there is no local realistic model, which is capable to de- 
scribe recent GHZ experiments performed in Innsbruck. 



The purely quantum concept of entanglement is behind 
the bizarre quantum predictions for multiparticle tests of 
local realism. The discovery of the Bell theorem without 
inequalities jlj , has led to several experimental proposals 
to test the very existence of maximally entangled three 
particle states. In 1998, an experiment of this type, in- 
volving the technique of entangling emissions from inde- 
pendent sources ^] has been performed in Innsbruck || . 
The expected GHZ type correlations were observed. 

Bell-GHZ experiments involving independent sources 
of particles, even in their idealized versions, have one 
characteristic trait. Some observed events do not follow 
the usual pattern of the GHZ correlations. The aim of 
this paper is to show, following the ideas of rcf j|, that 
those 'wrong' events are irrelevant in the derivation of 
a GHZ-type contradiction for the quantum predictions 
for entire pattern of events in experimental configuration 
of ref. j^]. Thus, in principle, the Innsbruck experiment 
could be a GHZ-test of the basic premises of local realism, 
and the only obstacles are of a technical nature. Nota 
bene, such is the status of all Bell-tests carried out thus 
far (recall, e.g., the quantum efficiency loophole). 

It will be shown that in any local realistic theory those 
wrong events must happen (or not) irrespective of what 
observables are chosen to be measured by the remote ob- 
servers at the three spatially separated stations. There- 
fore, the full subset of the "right" events must also be 
independent of those choices. Thus, the GHZ argumen- 
tation can be confined to only the "right" events. 

The technique for observation of GHZ effects employed 
in Innsbruck is a development of the methods that have 
been used in experiments on quantum teleportation and 
entanglement swapping 0. The GHZ experiment relies 
upon a spontaneous generation of two pairs of polariza- 
tion entangled photons during the passage of a single 
laser pump pulse through a type II parametric down con- 
version crystal. To transform the two pairs of polariza- 



tion entangled photons into three entangled photons, via 
the collapse of the wave vector caused by the registra- 
tion of the fourth photon, the detection was performed 
under conditions which make it absolutely impossible to 
distinguish from which pair the registered trigger photon 
originated Q. 

The crystal was pumped by a short (200 fs) pulses of 
UV laser light. The efficiency for the pulse to create a 
single pair was of the order of 10 -4 , what clearly justifies 
a perturbation approach in quantum mechanical calcula- 
tions. The pair creation was occurring under the specific 
version of type II phase matching condition |Q: when 
photon in beam a (fig. 1) was horizontally (H) polarized 
and the photon in beam b was vertically polarized (V), 
or other way round. The polarization part of the state 
can be written as ^=(| H) a \V) b -\V) a \ H) b ) where, e.g., 
| H) describes a horizontally polarized photon in beam 



To describe the quantum process the usual approxi- 
mations can be made. One can assume perfect phase 
matching, thus only two phase matched directions can 
be singled out. Further, we can demand that the idler 
and signal photon frequencies satisfy perfect energy con- 
servation conditions with the pump photons, which is 
described by the 8{uj — uji — u> s ) factor (where uj is one of 
the frequencies in the frequency band of the pulse, and 
uii and lu s are the frequencies of the idler and signal pho- 
tons). The pump pulse can be described as a classical 
wavepacket (no-depletion) with one single direction for 
all wave vectors. Finally, the square nonlinearity, , of 
the electric polarizability can be assumed constant within 
the considered frequency ranges. Thus, the interaction 
Hamiltonian responsible for such a process can be given 
the following approximate form 

H{t) = k X {2) JdtoJ duj a J doj b V{oj)e iuJt 5{uj -u a - u b ) 



h.c. 



(1) 



Here k is the effective coupling constant, the frequency 
profile of the pulse is denoted by V(oj), h.c. stands for 
the Hermitian conjugate of an earlier expression, and the 
convention used for the creation operators is that they 
are denoted by the same letter as the spatial propaga- 
tion mode which they represent. After performing the 
integration over w and passing to the interaction picture, 
the Hamiltonian simplifies to 
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Hi = kx {2) J duj a j dco b V(uj a + uo b ) 
(a\r(uj a )tf H (L} b ) - a* H (u> a )b v (uj b ) + h.cA , 

(2) 

i.e., it is independent of time (the photon operators are 
in the Schrodinger picture). If one assumes a finite in- 
teraction time T = L/c, where L is the length of the 
crystal (this is equivalent to assuming that the crystal 
is longer than the pulse, however this assumption is not 
essential to get the final conclusion of the analysis) the 
second order perturbation term is given by: 

— (THi/ih) 2 | vacuum) . (3) 

The non-vacuum part of (j^) leads to spontaneous cre- 
ation of two identical pairs of photons, and the entangle- 
ment in frequency and polarization exists only between 
photons of each of the pairs. 

The almost perfect temporal correlation of the photons 
of one pair (due to the entanglement in the frequencies) 
must be irreversibly destroyed, since it can reveal which 
two photons come from one entangled pair (see g], ||, 
||). To this end, the photons had to pass through two 
identical filters of frequency passband narrower than the 
frequency spread of the pump pulse. If a photon emerges 
from the filter, its coherence time is longer than the tem- 
poral pump pulse width, and thus the original tight tem- 
poral correlation is lost. 

The experimental setup (fig-1) was such that beam 
b continues towards a 50/50 polarization- independent 
beamsplitter, and beam a towards a polarizing beam- 
splitter, which transmits the H photons towards the trig- 
ger detector T and reflects the V photons. From each 
beamsplitter one output is directed to a second polar- 
izing beamsplitter, which likewise transmits H polariza- 
tion and reflects V polarization. A half-wave plate at an 
angle of 22.5° rotates the V polarization of the photons 
reflected by the first polarizing beamsplitter into a 45° 
polarization. One has | 45°) = ^=(| V) + | H)). 

For simplicity, we shall for the moment forget about 
the frequency entanglement (and tacitly assume that all 
four photons have passed the filters, compare fig. 1), and 
the two pair emission by 

7 2 (^ayb^ — a^by^j | vacuum) (4) 

i.e. we prune the frequency from the formulas (7 is a 
new coupling strength factor, which also may contain the 
phase of the pump beam, however this phase plays no role 
in the sequel). 

The action of the polarization independent beamsplit- 
ter can be described by the following relation between 
the input mode annihilation operator bx (where X = V 
or H), and the two outputs (beams c and g): bx = 
-75 (cx +gx)- As the polarizing beamsplitter in the beam 



a simply distributes the photons of appropriate polariza- 
tion to two separate beams, we shall denote the annihi- 
lation operator of the mode in the transmission beam by 
an, and in the reflected beam by ay. This ay mode is 
transformed into 045 by the half-wave plate. The sec- 
ond polarizing beamsplitter again reflects the V polar- 
ization and transmits the H one (it acts in the same 
way upon both input beams). Therefore its action upon 
the rele vant annihilation operators can be described by 
045 = yj\/2{hii+zy), andcy = hy, and finally cjj — zjj, 
where h and z are the two output beams of the polarizing 
beamsplitter (fig.l). 

The triggering event for the observation process is a 
registration of a single photon by a detector located in 
the an output of the first polarizing beamsplitter. If two 
photons enter the trigger detector, we are left with only 
two other photons - no GHZ effect is possible. In prin- 
ciple it is possible to discriminate operationally two and 
single photon events and we shall assume that this 
is the case in our idealized situation. Therefore from the 
initial state one can drop the term proportional to a^ , as 
it always leads to a wrong type of the triggering event, 
and the term proportional to a v as it cannot produce 
any click at the trigger detector. One is left only with 

2j 1 a H a v b v b { H \ vacuum) , (5) 

which under the action of the optical devices described 
above transforms into 

-^=j 2 a f H (z v + h ] H )(h v + g]y){g ] H + z f H ) | vacuum) . (6) 

The only term in (^|) which has the property that in each 
beam one has one and only one photon is 

^7 2 aL (qh hyZy + I vacuum) . (7) 

It is responsible for the GHZ polarization correlations 
observed in the experiment. 

Imagine that three spatially separated observers, say 
Danny, Mike and Anton, can detect any polarization 
state of the photon in, respectively, the beams g, h, and in 
z. For brevity, whatever polarization one of them decides 
to measure, we say that he chooses a certain 'orientation 
of his polarizer'. Also we shall assume that their perfectly 
efficient detectors distinguish between counts due to two 
photons and those caused by only one photon. They set 
orientations of their polarizers at random, selecting ei- 
ther observation of left and right circular polarizations, 
or linear polarizations at 45° and —45°. If the state of 
the photons were fully described by (|?]), then such mea- 
surements would suffice to formulate the GHZ paradox 
[jl0|| , ||. However, the state (g) contains also other terms, 
except (0), which are responsible for "wrong" events (i.e., 
events not present in the original GHZ argument for three 
particle polarization correlations), namely 
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-f^p 2a H (?h9v z v + 9h h H h v + h W H 9v+ 
z\jZyhy + zljZygy + Zjj h \j h v | v acuum) . (8) 

The wrong events have the following trait: they come 
in pairs - there must be one two-photon event at a certain 
observation station, necessarily accompanied by a one 
non-detection event at one another station. Note, that a 
non-detection event is in principle observable, as we have 
at our disposal the trigger event, only after which we 
can expect, at well defined moments of time, to observe 
detections at the three remote stations. 

The other type of wrong events is due to the first or- 
der process, in which only one pair is created, i.e. the 
following initial state is responsible for such events 

7 {^ayb^ — Onby^j \ vacuum) . (9) 

Now, if the trigger fires, then there can be recorded only 
one photon in one of the beam h (Mike) or z (Anton). 
Danny would not register anything in g. I.e., we shall 
always have two non-detection events. 

There is one more possibility of additional wrong 
events to occur. The action of a filter is essentially to 
remove photons from a beam. If our filter in beam a 
removes two H polarized photons, there is no problem: 
the trigger event would not occur. If it removes one H 
polarized photon, then either we again shall not have the 
triggering event, or suddenly one of the neglected terms 
in the two-pair emission, namely 

7 2 (a^6y) 2 | vacuum) , (10) 

leads to a (seemingly) right triggering event, and some 
additional "wrong" events at the three stations. Also the 
removal of one of two photons by the filter in beam b can 
lead to unwanted effects (missing counts). 

In order to avoid those additional wrong events, one 
should redefine the trigger event. Removal of a photon 
from a beam by a filter is in principle recordable 
Just imagine as a toy model filter a prism, behind which 
we select only photons which deviate into a narrow band 
of angles, and we detect all photons that deviate differ- 
ently. One can place the filters, and the trigger detector, 
close to the PDC crystal and redefine the triggering event 
to be: a detection of a single photon at T, and no click at 
the detecting devices registering the photons that failed 
to pass the filters. 

The most important trait of the remaining wrong 
events is that they always come in pairs. The local real- 
istic theory of the experiment, must therefore have very 
specific traits. For clarity, a local hidden variable model 
of such a theory will be used. In such a model the local 
events (i.e. events at one of the observation stations) are 
determined by the value of the hidden variables describ- 
ing the experiment, usually denoted by the symbol A, 
and the local macroscopic controllable parameter set by 



the local observer (here the orientations of the polarizers 
set by Danny, Mike and Anton; they will be symbolically 
denoted by 9 g , 9h and 9 Z ). 

Danny, Mike and Anton, when the right event occurs at 
their detection station, read out the value of dichotomic 
variable. If one of them decides to measure the circular 
polarizations, then he can say that the result is +1, if it 
is right handed and — 1, if it is left handed. The same 
procedure applies to the other choice (registration of 45° 
polarized photon is +1, etc.). Let us also ascribe the 
value to any locally observed wrong event. One can 
denote the overall results, and their dependence on the 
hidden variable and the orientation of the local polarizer 
by respectively G(9 g . A), H(9h, A) and Z(9 Z ,X) (all these 
functions have the set of values composed of solely 1,-1 
and 0). The distribution of the hidden variables respon- 
sible for the overall statistics of the experiment can be 
denoted as usually by p(A). 

Let us introduce the following function 

X(6 g ,e h ,6 z ;X) = \G{6 g ,X)\ + \H{9 h ,X)\ + \Z(9 Z ,X)\. 

(11) 

For "right" events at all stations T,(9 g ,9h,9 z - 1 A) = 3. If 
there is at least one "wrong" event then T,(9 g , 9h,9 z ;X) = 
1 (since there is always a second wrong event!). One 
never has £ equal to or 2. 

Imagine now that the occurrence of a local wrong event 
may depend not only on the value of the hidden variable 
A, but also on the orientation of the local polarizer. E.g. 
for 9 Z 7^ 9' z , and a fixed A at Anton's station one may 
have, for the same A, \Z{9 Z ,X)\ = 1 and \Z(9' Z ,X)\ = 0. 
Therefore, since T,(9 g ,9h,9 z ; X) = 3 or 1, then it follows 
that T,(9 g ,9h, 6^,; A) = 2 or which is impossible! We ar- 
rive at similar contradictions for the other possible cases. 
Therefore one concludes that the modulus of the local 
result is independent of the orientation of the local polar- 
izer, or in other words 'wrong' events are predetermined 
by solely the hidden variables. The product of these 
moduli, X (dg,0 h ,9 z ,X) = \G(9 g ,X)H(9 h ,X)Z(9 z ,X)\, can 
have only two values: 1, for three right events or oth- 
erwise. Due to the properties of the "wrong" events, 
X does not depend upon the local polarizer orienta- 
tions. Therefore, the distribution of the hidden variables, 
p(X) splits into p righ tW = p(A)x(A) and p wr0 ngW = 
p(A)(l — x(A)). The correct GHZ type events occur only 
for those values of A for which p r i g ht(^)j£ 0. The whole 
reasoning leading to the GHZ paradox [[10| can therefore 
be limited the A's belonging to this subset only. 

Thus, modulo photon collection efficiency, and linked 
with this the problem of the operational possibility of a 
correct discrimination of the "wrong" two-photon events 
at a single detection station one can conclude that 
the Innsbruck experiment not only indicates an underly- 
ing quantum three-particle process, due to a GHZ entan- 
glement, which is absolutely at odds with local realism, 
but is also the very first realization of a three particle 
test of local realism without inequalities. Simply, since 
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the three particle interference fringes are too deep for any 
local hidden variable theory to explain the entire pattern 
of events Q . 
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FIG. 1. Schematic of the setup. PBS is a polarizing beam- 
splitter, which transmits the H polarization and reflects the 
V polarization. BS is a polarization neutral "50 — 50" beam- 
splitter. PDC stands for a parametric down conversion crystal 
(pumped by pulses originating from a laser). WP is a wave 
plate which rotates the V polarization to 45° polarization. 
The beams in which both H and V polarizations propagate 
are denoted by a, b, g, h and z. In the transmitted beam 
of the upper PBS only polarization H can be present and 
thus it is denoted by an (the reflected beam av can carry 
only polarization V, and after the wave plate is denoted ac- 
cordingly by 045). At location T a trigger detector is placed. 
At locations G, H and Z (which are widely separated) three 
independent observers measure the polarization states of the 
incoming photons. 
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